We discuss basic features of the model of spinning particle based on the Kerr solution. It contains a very nontrivial real stringy structure consisting of the Kerr circular string and an axial stringy system.
Introduction
In the recent paper [1] Witten suggested a new fundamental object, twistorstring, incorporating twistors in superstring theory. It was conjectured that the twistor-string controls the scattering processes and is responsible for analytic properties of the scattering amplitudes, and therefore, this string may be an element of the structure of fundamental particles. This Witten paper and the subsequent papers have paid extraordinary attention which has been heated by the progress in computation of some scattering amplitudes on the base of twistor inspired methods [2, 3] . In particular, the striking simplifications of the maximally helicity violating (MHV) amplitudes were achieved by the calculations performed on the base of the spinor helicity formalism (for review see for example [1, 4] ).
In this paper we consider the model of spinning particle [5] which is based on the Kerr rotating black hole solution. The Kerr geometry has a remarkable twistorial structure, and the Kerr's spinning particle has also a very non-trivial stringy structure. The aim of this paper is to describe the complex, twistorial and stringy structures of the Kerr spinning particle and to argue that the new Witten's 'twistor-string' is related to the structure of the Kerr spinning particle, and therefore, the fusion of the twistor and string theories has a natural extension to the structure of the rotating black holes.
In Sec.2 we give a very brief introduction to twistors, in.Sec.3 we treat briefly the structure of the Kerr spinning particle and its basic properties. In sec.4 the twistorial structure of the Kerr geometry is discussed. In Sec.5 we consider the complex Kerr geometry and show that it contains a version of the complex twistor-string which has some properties of the well known N=2 string [6] and also the chiral (x, θ) twistor-string [7, 8, 9, 10] . Being imbedded into M 4 , this string turns out to be open with a partially broken N=2 supersymmetry. The world-sheet of this string is formed by orientifolding the chiral and antichiral structures, and target space turns out to be equivalent to Witten's 'diagonal' of the CP 3 × CP * 3 .
Twistors
Twistor may be considered as a world-line of the lightlike particle, which geometrically is a null line in Minkowski spacetime M 4 [11] . Momentum of the lightlike particle is described by the null vector p µ satisfying the condition p µ p µ = 0 and may be represented in the spinor form
where σ µ are the Pauli matrices. A null line going via the coordinate origin may be described as x µ (t) = p µ t.
We will also consider the complexified Minkowski space CM 4 . In this case p µ = ψσ µψ , whereψ and ψ are independent spinors. Varyingψ at fixed ψ one obtains the (say "left" ) complex planes. Similar, varying ψ at fixedψ one obtains another family of the ("right") complex planes. They are totally null planes in the sense that any vector lying in them is null. Therefore, from the complex point of view twistors are complex null planes. Intersection of the complex conjugated left and right planes yields the real twistor.
The main difference between twistors and spinors is that twistors describe the null lines which has a definite position with respect to the origin of coordinates (or an observer). Correspondingly, the extra parameters are necessary to fix the position of line. If a point x µ 0 is fixed on the line, x µ (t) = x µ 0 + p µ t, it may be described by two spinors: ψ α and ωα = x ν 0 σ ναα . In the flat spacetime these parameters are independent of the position x ν 0 on the null line, and the four spinor parameters
give the basic representation of twistor. However, the initial set
may also be considered as an equivalent representation which is used in the spinor helicity formalism [4] . Finally, since spinor ψ α gives the homogenous coordinates of the null ray, one can use the equivalent projective spinor coordinate Y = ψ 2 /ψ 1 ∈ CP 1 , and represent twistor in the form
or via tree projective twistor coordinates
The both forms (4) and (5) are used in the Kerr-Schild formalism [12] and in the description of twistor-string [1] .
The Kerr geometry has found application in a very wide range of physical systems: from the rotating black holes and galactic nucleus to fundamental solutions of the low energy string theory. It must not be wonder that it has the relations to spinning particles too. Indeed, the Kerr-Newman solution has anomalous, g = 2, gyromagnetic ratio of the Dirac electron. In the units h = c = G = 1, the parameters of the Kerr solution adapted to electron are e 2 ∼ 1/137, m ∼ 10 −22 , a ∼ 10 22 , ma = 1/2. One sees that a >> m, and the Kerr black-hole horizons disappear, revealing the naked singular ring of the Compton radius a ∼h/m. Metric is almost flat and gravitational field is concentrated in a very narrow vicinity of the singular ring.
The Kerr singular ring is the branch line of the Kerr space on two sheets, 'positive' (r > 0) and 'negative' (r < 0), where r is radial coordinate of the oblate spheroidal coordinate system. The fields change directions and signs on the negative sheet. The negative sheet acquires an interpretation of the sheet of advanced fields which may be related to the vacuum zero point field [13, 14, 15] . The particles, strings or twistors disappear in (emerge from) a mirror world passing through the Kerr ring (see Fig. 1 ).
In the old paper [16] a model of the spinning Wheeler's geon was suggested, in which a quantum electromagnetic excitation -traveling waves along the Kerr ring generate the spin and mass of the geon. It was recognized soon [17] that the Kerr ring is a closed chiral string.
The treatment of singular lines as strings is very natural. Among the well known examples are the fundamental strings of the low energy string theory [18, 19] and the strings interacting with Higgs field, in particular, the Nielsen-Olesen vortex line in a superconducting media and the Witten chiral superconducting cosmic string, where one of two Higgs fields is concentrated on the singular line [20] . It was shown in [21] that the field around the Kerr ring is similar to the field around the fundamental heterotic string, and finally, in [13] that the Kerr ring is a D-string with an orientifold world-sheet.
Recently, we have shown [5, 15] that the circular Kerr string is not unique in the Kerr spinning particle, and there is a second, 'axial' stringy system. It was shown that the wave excitations of the Kerr ring lead unavoidable to the appearance of the extra axial singular lines which are chiral strings similar to the Witten cosmic strings. Therefore, the Kerr spinning particle acquires a stringy skeleton forming by the Kerr circular string and by the axial stringy system consisting of two semi-infinite strings of opposite chiralities, see Fig.  2 .
The axial semistrings are not new objects in the Kerr geometry. In fact, the NUT-parameter of the Kerr-NUT solution led to the appearance of a semistring carrying the magnetic flow. Moreover, the general class of the Kerr-Schild solutions [12] contains a free holomorphic function ψ(Y ) which defines a series of the exact stationary solutions of the Einstein-Maxwell system containing singular semistrings.
In the simplest cases ψ(Y ) ∼ Y n , where n is integer 1 , and Y has the form
in the Kerr oblate spheroidal coordinates. By n < 0 solutions are singular at θ = 0, along the positive semiaxis z + , and by n > 0 solutions are singular at θ = π, which corresponds to negative semiaxis z − . The case n = 0 corresponds to the charged Kerr-Newman field, and the axial singularity is absent. Up to our knowledge these solutions never were analyzed. In the case of spinning particle we have solutions with similar topological structure of singularities, however the function ψ acquires an extra dependence on the retarded-time parameter τ , ψ ∼ Y n e iωτ . As a result there appear traveling waves along the Kerr circular string and the chiral traveling waves along the axial semistrings [15, 5] .
It was shown that the chiral excitations of the axial stringy system may be described by the Dirac equation. In the Weyl basis the Dirac current is represented as a sum of two lightlike components of opposite chiralities
The four-component spinor Ψ = φ α χα , satisfies the massive Dirac equation which describes an interplay of two traveling waves of opposite chiralities -the lightlike fermions trapped by two axial singular semistrings.
De Broglie periodicity appears as a result of the beating of these waves. This axial stringy system plays an important role in the formation of the Kerr's twistor-string. We will show that two axial semistrings play the role of two D1-branes which are boundaries of the complex twistor-string.
It reproduces a very specific model of quarks: the fermionic currents of opposite chiralities adjoined to the ends of the twistor-string. We summarize bellow the basic features and properties of the Kerr spinning particle:
• Anomalous gyromagnetic ratio g = 2 of the Dirac electron,
• The mass m, spin J and charge e are the only free parameters,
• Model is semiclassical -the quantum constant is used only to quantize energy of excitations,
• Particle has the Compton size a =h/m, and the Compton region is stringy structured,
• Nontrivial real stringy structure: topological coupling of the axial and circular strings,
• Mass and spin have the origin from the circular traveling waves, electromagnetic excitations of the Kerr singular ring (the Wheeler's 'geon'),
• Axial stringy system is carrier of de Broglie waves which are described by the Dirac equation,
• Axial stringy system is responsible for the scattering at high energies,
• Remarkable complex and twistorial structures, twistor-string.
The following properties may also have a relation to the foundations of quantum theory 2 :
• Wave function acquires a physical carrier -the axial stringy system,
• Axial string controls the motion of particle due to topological coupling of the axial and circular singular strings, so the model reproduces the features of the old wave-pilot conjecture by de Broglie.
• The quantum property -absence of radiation by oscillations -is exhibited here at the classical level, since the loss of energy by stringy excitations is compensated by the ingoing radiation from the 'negative' sheet of the Kerr spacetime.
3 Kerr geometry in the Kerr-Schild formalism
Real Kerr geometry and twistors
In the Kerr-Schild approach [12] , the Kerr-Schild ansatz for metric is used
where η µν is metric of auxiliary Minkowski space-time, x µ = (t, x.y.z).
is written in the oblate spheroidal coordinates, and k µ is a twisting null field which is tangent to the Kerr principal null congruence (PNC) which represents a family of the geodesic null rays -twistors -covering twice the space-time.
Since k µ is null, it can be represented in the spinor form (1), however, in the Kerr-Schild formalism the projective spinor coordinate Y is used, and the Kerr twistorial congruence is determined by a complex scalar function Y (x), in terms of which the vector k µ takes the form
where P = 2 −1/2 (1 + YȲ ) is a projective factor and 
allows one to reconstruct from (9) the null vector k µ which is tangent to the Kerr congruence. This vector is the principal null vector which determine the metric, the Kerr-Newman vector field, and the direction of radiation for radiative Kerr-Schild solutions.
One of the real null tetrad vectors of the Kerr-Schild tetrad is taken proportional to k µ , e 3 = P k µ , and tetrad is completed as follows
where e 1 and e 2 are complex conjugate. The caustics of the Kerr PNC (singular lines) are determined by the system of equations F = 0, dF/dY = 0. In the Kerr solution function F is quadratic in Y , and these equation can be explicitly resolved [14] leading to the function Y (x) in the form (6) which yields the structure of the Kerr PNC and the Kerr singular ring shown in Fig. 3 .
The twistor {x, Y } is a complex null plane at the point x which is spanned by the null vectors e 1 and e 3 . The real null rays of the Kerr congruence are the real slices of these null planes. The congruence is determined by the real field k µ (x) (or e 3µ = P k µ ) which describes a flow of the lightlike field propagating from the 'negative' sheet of the Kerr space onto 'positive' one through the disk spanned by the Kerr ring. In particular, the Kerr PNC determines a flow of radiation along e 3 , so the outgoing radiation is compensated by an ingoing flow on the negative sheet.
Complex Kerr geometry and twistors
The Kerr twistor-string appears naturally in the Newman-initiated complex representation of the Kerr geometry [25, 22, 14] , in which the Kerr solution is generated by a complex source propagating along a complex world line X µ 0 (τ ) ∈ CM 4 . The Kerr-Schild formalism is well adapted to this representation, since the Kerr-Schild ansatz (7) assumes the auxiliary Minkowski spacetime with Cartesian coordinates x µ , which may be complexified, forming coordinates of CM 4 . The time parameter τ is also complex in this representation, τ = t + iσ.
The real fields on the real space-time x µ ∈ M 4 are determined via a complex retarded-time construction, in which the key role is played by the complex light cones, adjoined to the real points of observation x µ and to the points of emanation on the complex world line X µ 0 (τ ). It is well known that the real light cone may be split on two family of null planes. There are different ways of doing this [22, 14] , and all the ways turns out to be close related to twistors. The light cone at a point x 0 may be written in the spinor form
The real null rays of the K x 0 correspond to the complex conjugate spinors ψ α andψα. As we discussed in sec.2, varyingψ at fixed ψ one obtains the ('left' ) complex planes, and varying ψ at fixedψ one obtains another family which we call the right complex planes. We can also use the projective spinor coordinates Y andȲ and describe the complex null cone as K x 0 = {x 0 , Y,Ȳ } and the left (right) null planes of the cone by twistor {x 0 , Y } (or {x 0 ,Ȳ }).
Notice, that the apex of the light cone x 0 may also be complex.
To form the retarded-time construction we set the apex of cone x 0 at a real point x ∈ M 4 and have to find the points of intersection of this light cone with the complex world-line X 0 (τ ) to determine the value of the retarded-time parameter τ 0 . In the stationary Kerr case this world-line has the simplest form of the straight timelike line X µ 0 (τ ) = (τ, 0, 0, ia). Nevertheless, at this point we meet a peculiarity which complicates the usual retarded-time scheme: there may be four roots for the points of intersection. We can ignore one pair of the roots assigning them to the advanced fields. The residual two roots are linked with the fact that the left and right null planes yield the different points of intersection with a complex world-line. Therefore, we must mark the roots as the left retarded time τ L and the right one τ R . To get a definiteness we have to use for the roots (for example) only the left null planes, i.e. the holomorphic twistor pairs {x, Y }. It shows that twistors appear very natural in the complex retarded-time construction.
Complex Kerr string
In accordance with the above complex representation of the Kerr geometry, the Kerr solution is generated by a complex source propagating along a complex world line X µ 0 (τ ) ∈ CM 4 . Complex world-line is parametrized by complex time τ = t + iσ containing two parameters t and σ, and therefore, it describes a world sheet. The complex world line X µ 0 (τ ) can be considered as an N = 2 string in CM 4 [6, 22, 13] . The Lagrangian for this string is [6, 26] 
5 We omit the fermi terms.
As usual, the general solution is given as a sum of the left and right modes,
which are not necessarily complex conjugates to each other. The constraints take the form
Notice, that the mode expansion contains the hyperbolic basis functions which are not orthogonal over the string length, so similar to the N = 2 string there are no excitations indeed. Meanwhile, one can see that the straight complex world-line which describes the complex Kerr source,
is a holomorphic left mode which satisfies the equations of motion and constraints.
To obtain the boundary conditions we have to consider an imbedding of this string in M 4 . It is known that such an imbedding may not be performed retaining the N = 2 supersymmetry [6, 26] . 6 Therefore, the N = 2 supersymmetry has to be broken, at least partially [27] .
On the other hand, we have to use these left null planes also for the light cones emanating from the points of the complex world line X 0 (τ ), and note that not all the left null planes reach the real slice.
The null vectors
, which belong to the complex light cone, have to connect the complex world-line to the real points x µ ∈ M 4 . This condition gives a restriction on the positions of τ L , which may be easily obtained from the complex retarded-time equation. Let us write the light cone equation in the form
We assume here that the gauge
This equation may be split into the retarded-advanced time equations
2 is the complex radial distance which takes the simple formr = r + ia cos θ in the Kerr oblate spheroidal coordinate system. Summarizing these relations one obtains from the retarded time equation
The real part of this equation, t L = t−r, is similar to the usual retarded-time relation, while the imaginary part,
relates σ L with angle θ. Recall, that on the real slice the projective coordinate Y has the form Y = e iφ tan θ 2
and fixes the angular directions of twistors. Therefore, the parameter σ L fixes θ direction leaving the coordinate φ free. One sees that there are the limiting real rays corresponding to polar directions θ = 0 and θ = π which correspond to σ L = ±a. Only the light cones which are joined to the interval σ L ∈ Σ L = [−a, a] have the real slice, and therefore, only a part of the world-sheet, the strip σ ∈ [−a, a], is 'seen' at the real slice and may be imbedded in M 4 . It means that the world sheet (t, σ) acquires the boundary, forming an open complex string. The end point σ L = −a has θ = 0, and the corresponding null plane Y has the real slice along the positive semiaxis z + , while the end point σ L = +a has θ = π and is mapped on the negative semiaxis z − . Note, that these semiaxis are exactly the singular semistrings of the real axial stringy system. Therefore the complex string turns out to be a D-string which is stuck to two singular semi-strings of opposite chiralities. Therefore, z ± singular strings may carry the Chan-Paton factors (chiral currents and traveling waves) which will play the role of quarks with respect to the complex string. It should be noted that the (x, θ) string was discussed in the papers [7, 9, 2, 28] as a prospective alternative for the twistor-string. 
Orientifold
The considered open twistor-string has, however, a problem with boundary conditions since they may not be defined for the real and imaginary parts simultaneously. This problem is resolved by orientifolding the string, which involves the complex conjugate structure -antiholomorphic complex world lineX µ 0 (τ ) and corresponding twistors {X µ 0 (τ ),Ȳ }. This structure is antichiral and carries only the right modes. The chiral and antichiral structures may be joined by orientifolding the complex world-sheet [22] .
Similar to the left interval σ L ∈ Σ L = [−a, a], the right structure has the right interval σ R ∈ Σ R = [−a, a]. However, in the right structure worldsheet has an opposite orientation: the end point σ R = −a is mapped on the negative semiaxis z − , while the end point σ R = +a is mapped on the positive semiaxis z + . Formation of the orientifold has a few steps.
The interval Σ L , parametrized by 0 > θ > π, has to be extended to 0 > θ > 2π. The interval Σ R is reversed Σ R →Σ R and joined to the interval Σ L . Therefore, the new interval Σ = Σ L ∪Σ R covers twice the initiate one going the second time in opposite direction and forming a closed loop.
The string modes are extended to π > θ > 2π in the standard manner [29] which allows one to consider the open string as a closed one:
This operation is accompanied by the transformations of the null planes Y → −1/Y (right → lef t) and by the parity r → −r . As a result the string acquires the right modes and turns into a closed, but folded one [22, 13, 5] . The final step is the setting of the Z 2 equivalence of the left and right structures.
It should be noted that target space of this string turns out to be equivalent to the 'diagonal' of the CP 3 × CP * 3 which was discussed by Witten in the end of paper [1] and also long ago [30] as a formulation of the classical Yang-Mills theory. The used in the Kerr spinning particle equivalent representation {X 0 , Y } may be preferable in some cases [28] , since the spacetime coordinates appear explicitly in this form and geometrical interpretation looks more transparent.
The extra complex coordinate Y is free for the complex N = 2 string, but it acquires the σ dependence by imbedding to the real slice. In the CP 3 representation of twistor-string it plays the role of a target coordinate. However, as it was discussed in [6] , there are some evidences that the worldsheet of the N = 2 string is dual to its target space, and is indeed fourdimensional. It suggests that Y may play a double role: of the world-sheet and target coordinate, which turns the N = 2 string into a membrane as it was discussed in [6, 31] . Similar, in it was suggested in the work [9] that coordinate Y must not acquire the stringy excitations, and being to considered in the frame of the string field theory, acts as a carrier of the field excitations. These conjectures are supported by the Kerr spinning particle.
Conclusion
A few related important problems have been left without treatment in this paper. Among them are the supergeneralization of the model and twist of the spin-structure.
A scheme for supergeneralization of the Kerr solution was considered in [27] , and it was shown that the N = 2 supersymmetry turns out to be broken in M 4 , which yields a residual nonlinear realization of supersymmetry in the frame of the broken N = 2 supergravity. Therefore, the treatment of the supersymmetry in this model turns out to be more complicated that in the Witten-Ferber approach [1, 30] .
The twist of spin-structure [1, 2, 32] has to be incorporated in the model of the Kerr spinning particle to provide a natural description of fermions in terms of the half-integer excitations. In the Kerr geometry twist is connected with topological structure of the axial singular strings [33] 8 , which turns out to be related to the deep questions of the topological field theory [32, 33, 34] . On the other hand, twist is close related to supersymmetry. Preliminary treatment shows that the Kerr-Schild formalism is perfectly matched to twist, however, some basic relations have to be recalculated, which demands a special treatment.
Both these problems we intend to discuss elsewhere.
